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where a4, as, ..., a,_; are complex numbers (independent of x). Taking
r=1,w,w? ..., w" ! in succession and adding the results, we obtain
n—1 n—1ln—1 n—1
Z det(A + ka) = ndet A+ Z Z ajwkj + Z w*? det B
k=0 k=0 j=1 k=0
n—1 n—1 n—1
= ndetA+ z o Z Wk 4 Z w* det B .
Jj=1 k=0 k=0
. n-1 . 1—w™ .
Now, since w™ = 1 and ) wki = =0forj=1,2 ..., n—1,
k=0 1-w
we have
n—1
> det(A+w*B) = n(det A + det B).
k=0

n—1
Then Y det(B + w®A) = n(det B + det A), and the result follows.
k=0

Also solved by PETER Y. WOO, Biola University, La Mirada, CA, USA; and the proposer.
B e S S

3145%. [2006 : 239, 241] Proposed by Yuming Chen, Wilfrid Laurier
University, Waterloo, ON.

Let f(z) = = — c?tanhx, where ¢ > 1 is an arbitrary constant. It
is not hard to show that f(x) is decreasing on the interval [—xz¢, o], where
zo = In(c + v/c — 1) is the positive root of the equation coshz = c. For
each ¢ € (—wo, zo), the horizontal line passing through (z, f(x)) intersects
the graph of f at two other points with abscissas x; () and xz2(x). Define a
function g : (—xo, o) — R as follows:

g(x) = x4 c®tanh (a:l(a:)) + tanh(wz(m)) .
Prove or disprove that g(x) > 0 for all z € (0, ).

Editor’s note: No solutions were received for this problem; hence, it remains
open. The proposer believes that the conjecture is true, since there is ample
empirical evidence.

B S o S o

3146. [2006 : 239, 242] Proposed by Vasile Cirtoaje, University of Ploiesti,
Romania.

Letp > 1,andleta, b, ¢, d € [1/,/P, \/P|. Prove that

) 2 a b c 1 2,/p
a < < ;
@ 1+p+1+\/ﬁ_a+b+b+c+c+a - 1+P+1+\/5

p 3 a b c d 1 3Yp
< < .
T+p 1595 = atb btec ctd dta = T4p 1+

(b)
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Solution by Arkady Alt, San Jose, CA, USA, modified by the editor.

(a) The transposition (a, b, ¢) — (b, a, c) in the inequality

a b c 1 2,/p
a+b+b+c+c+a < 1+p+1+\/1_7 (1)

gives the equivalent inequality

b a c 1 2,/p
b+a+a+c+c+b < 1+p+1+\/1_9'

Since

a b c b a c
a+b+b+c+c+a - 3_<b+a+a+c+c+b)'

we see that (1) is satisfied if and only if

a b c 1 2,/p P 2Vp
> 3 — = .
a+b+b+c+c+a - <1+p+1+\/1—9) 1+p+1+\/5

Thus, to prove (a), it is sufficient to prove (1).
Letx = b/a, y = ¢/b, and z = a/c. Then (1) becomes
1 1 1 1 2
< + 2P @

itz T ity 14z = 14p "1+ vp

Note that zyz = 1 and =, y, = € [1/p,p]. To prove (1), it is sufficient to
prove (2) for all such z, y, and z.

By the symmetry in (2), we may assume that = = max{z, y, z}. Then,
since zyz = 1and z < p,wemusthave 1 < z < pand 1/p < zy < 1. Let
t = xy. Thent?z =1and 1//p <t < 1. Since x + y > 2,/zy = 2t,
we have

1, 1 _ 24ty _ g 1— ¢
14«  1+4+y = 14+z+y+zy 1+z+y+t2
1—t? 11—t 2
< Yivmre T Vi T o ®)
Hence,
1 1 1 2 1 2 2
+ + < + = +

14+ 14y 142z — 14t 142 1+t 14+¢2°

2 t? . rrey . —2(1—t)(1 —t)
Let h(t) = TT: + Tr e Since h/(t) = EEESDER

that h is decreasing on (0, 1]. Consequently, for1/,/p <t <1,

it follows

ht) < h(U/VE) = T+ o

This proves inequality (2) and completes the proof of (a).
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(b) This is treated similarly. The transposition (a, b, ¢, d) — (b, a,d, c)
in the inequality

a b c d 1 3Yp
a+b+b—|—c+c+d+d—|—a S 1—|—p+1+w (4)
yields the equivalent inequality
b a d c 1 3Yp
b+a+a+d+d+c+c+b — 14p 14+ p’
Since
a b c d b a d c
a+b+b+c+c+d+d—|—a =4- <b+a+a+d+d+c+c+b) !

we see that (4) is satisfied if and only if

a b c d 4_<p+3\3/ﬁ>

a+b+b+c+c+d+d+a = p+1 1+ Ip

p 3
p+1 1+ ¢p

Thus, to prove (b), it is sufficient to prove (4).
Letz =b/a, y = ¢/b, u = ¢/d, and v = d/a. Then (4) becomes

33
1 1 1 1 1, 3P ®)

< .
1+:c+1+y+1+u+1+v - 14p 1+ Ip

Note that zyuv = 1 and @, y, u, v € [1/p, p]. To prove (4), it is sufficient to
prove (5) for all such z, y, u, and v.

Let t = \/zy and s = /uv. By the symmetry in (5), we may assume
that t < s. Then, since ts = 1, we see that t < 1 < s. Furthermore, since
s2/u = v < p, we have s?/p < u, and thus, s2/p < u < p.

Now, for fixed s,

2
max{u—i—v‘uv:sz,%gugp}

82 S2 82
= maxu+ — | —<u< = —
{ +u p = _P} P+p
Thus,
1, 1 . 24+u+wv -1 s2—1
1+u 1+v ~ 14ut+v4uv 1+u+ v+ s2
2
S
2 24+p+—
< 1- 2 _21 = 2p
T+p+> 452 14p+ > +s2
p p
1
P4+ - | 6)

s2+p 1+p
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Using inequalities (6) and (3), we get

1 1 1 1 2s p 1
1+m+1+y+1+u+1+v < 1+s+s2+p+1+p'

2s p 2(s —p)(s® —p) .
its "+ G+ D2(s7 7 p)=’ IS

function has a local maximum at s = {/p, which is in the interval (1, p).

We have g(1) = -1+ -2 < 0and -2 Lt 0; whence,
ve g(1) ti5 < 9(P) =37t ,71 <

Let g(s) = Since ¢’(s) =

max g(s) = g(¥/p), and therefore,

s€[1,p]
1 1 1 1 29/p p 1
Ttz "1ty T 14w 140 = 1+ p ,3/p2+p+1+p
8YP_ 1

1+yp 1+4+p°
This proves (4) and completes the proof of (b).

Also solved by WALTHER JANOUS, Ursulinengymnasium, Innsbruck, Austria (part (a));
PETER Y. WOO, Biola University, La Mirada, CA, USA; and the proposer.

B S o S o

3147. [2006 : 239, 2427 Proposed by Vasile Cirtoaje, University of Ploiesti,
Romania; and Gabriel Dospinescu, Paris, France.

Let n > 3, and let =1, x2, ..., x,, be positive real numbers such that
T1T2--+- T, = 1. For n = 3 and n = 4, prove that
1 n 1 " 1 n
22+ xxy T2+ 123 2+ 2 )

Solution by the proposer.

. . . a a a
Using the substitutions z; = /=2, 22 = ,/—, ..., Tp, = ,/—, the
a1 az an
given inequality becomes

3

R >
az + v/aias  az + \/azaa az + vanaz ~ 2

Since (/aiaz < ‘“"'Ta:*, ey Vanaz < %Tm’ it suffices to show that
ay az a n
+ ooy —" > .
ay + 2az +az a2 + 2a3 + ay an + 2a;1 + az 4

By the Cauchy-Schwarz Inequality, we have

(a1 +---+an)? < [ai(ar +2a2 +a3) + - + anlan + 2a1 + a2)]

(et g
a1 + 2a2 + a3 an+2a1 +az)



